The nature of finite temperature transitions in lattice QCD with Wilson quarks is studied near the chiral limit for the cases of two, three, and six flavors of degenerate quarks (N F ϭ2, 3, and 6͒ and also for the case of massless up and down quarks and a light strange quark (N F ϭ2ϩ1). Our simulations mainly performed on lattices with the temporal direction extension N t ϭ4 indicate that the finite temperature transition in the chiral limit ͑chiral transition͒ is continuous ͑or at most very weakly first order͒ for N F ϭ2, while it is of first order for N F ϭ3 and 6. We find that the transition is of first order for the case of massless up and down quarks and the physical strange quark where we obtain a value of m /m consistent with the physical value. This result is different from the previous result with staggered quarks at N t ϭ4 which suggests that the transition in the real world is a crossover. Since the deviation from the continuum limit is large in both studies at N t ϭ4, a calculation with larger N t or with an improved action would be needed in order to obtain a definite conclusion about the nature of the QCD transition. We also discuss the phase structure at zero temperature as well as that at finite temperatures. ͓S0556-2821͑96͒00823-5͔
I. INTRODUCTION
One of the major goals of numerical studies in lattice QCD is to determine the nature of the transition from the high temperature quark-gluon-plasma phase to the low temperature hadron phase, which is supposed to occur at the early stage of the Universe and possibly at heavy ion collisions. It is, in particular, crucial to know whether the transition is a first order phase transition or a smooth transition ͑second order phase transition or crossover͒ to understand the evolution of the Universe.
The determination of the order of the transition for the case of degenerate N F flavors is an important step toward the understanding of the nature of the QCD transition in the real world. We can compare the numerical results for various number of flavors with theoretical predictions based on the study of the effective model ͓1,2͔. In order to investigate what really happens in nature, we have to ultimately study the effect of the strange quark together with those of almost massless up and down quarks, because the critical temperature is of the same order of magnitude as the strange quark mass.
In this article we investigate finite temperature transitions in lattice QCD using the Wilson formalism for quarks for various numbers of flavors (N F ϭ2, 3, and 6͒ near the chiral limit and also for the case of massless up and down quarks and a light strange quark (N F ϭ2ϩ1). Most simulations of finite temperature QCD were performed with staggered quarks. However, because the Wilson formalism of fermions on the lattice is the only known formalism which possesses a local action for any number of flavors, it is important to investigate the finite temperature transition with Wilson quarks and compare the results with those for staggered quarks.
In Sec. II, we define our action and coupling parameters. Because chiral symmetry is explicitly broken on the lattice in the Wilson formalism, we first define the chiral limit for Wilson quarks and give a brief survey of the phase structure in Sec. III. Our simulation parameters are summarized in Sec. IV. Numerical results for the chiral limit are summarized in Sec. V. We then discuss, in Sec. VI, problems and caveats which appear in a study of the finite temperature transition with Wilson quarks when performed on lattices available with the present power of computers. Section VII deals with the transition in the chiral limit ͑chiral transition͒ in the degenerate cases of N F ϭ2, 3, and 6. In Sec. VIII, we study the influence of the strange quark on the QCD transition both in the degenerate N F ϭ3 case and in a more realistic case of massless up and down quarks with a massive strange quark, N F ϭ2ϩ1. We finally conclude in Sec. IX. Preliminary reports are given in ͓3-5͔.
II. ACTION AND COUPLING PARAMETERS
We use the standard one-plaquette gauge action where g is the bare coupling constant and K is the hopping parameter. In the case of degenerate N F flavors, lattice QCD contains two parameters: the gauge coupling constant ␤ϭ6/g 2 and the hopping parameter K. In the nondegenerate case, the number of the hopping parameters is N F .
We denote the linear extension of a lattice in the temporal direction by N t and the lattice spacing by a.
III. BRIEF SURVEY OF PHASE STRUCTURE
In the Wilson formalism of fermions on the lattice, chiral symmetry is explicitly broken by the Wilson term even for vanishing bare quark mass ͓6͔. The lack of chiral symmetry causes much conceptual and technical difficulties in numerical simulations and physics interpretation of data. Therefore before going into a discussion of the details of data and analyses, we give a brief survey of the phase structure at zero temperature as well as that at finite temperatures ͓7,8͔, including the results presented in this article.
A. Quark mass and PCAC relation
We first define the quark mass through an axial-vector Ward identity ͓9,10͔ 2m q ͗ 0͉P͉͑ p ជ ϭ0 ͒͘ϭϪm ͗ 0͉A 4 ͉͑ p ជ ϭ0͒͘,
͑4͒
where P is the pseudoscalar density and A 4 the fourth component of the local axial vector current. "Note that we have absorbed a multiplicative normalization factor into the definition of the quark mass m q , because this convention is sufficient for our later study. We also note that there is an alternative definition of the quark mass replacing m with, e.g., ͓1Ϫexp(Ϫm a)͔/a, which gives a quark mass identical with the above within the order of a. … With this definition of quark mass, the PCAC ͑partially conserved axial-vector current͒ relation
which is expected to be satisfied near the continuum limit, was numerically first verified within numerical uncertainties for the quenched QCD at zero temperature in ͓10,11͔ and subsequently for various cases including QCD with N F ϭ2 in ͓3,12-16͔. It should be noted that the PCAC relation is satisfied not only in the continuum limit, ␤ϭϱ, but also even in the strong coupling limit, ␤ϭ0: The result of the strong coupling expansion without quark loops ͓12͔,
gives the relation m 2 ϰm q at small m q . Our numerical data for N F ϭ2 at ␤ϭ0 agree well with these formulas within errors 1 as shown in Fig. 1 . We note that, if
is satisfied for small m q as is the case both for ␤ϭ0 and ␤ϭϱ, then the definition ͑4͒ implies that the PCAC relation ͑5͒ is exact. It should be also noted that Eq. ͑7͒ holds when Euclidean invariance is recovered ͓10͔. Equation ͑4͒ implies that when m q ϭ0, either m ϭ0 or 1 In Ref. ͓12͔ , agreement between Eq. ͑6͒ and numerical data in the confining phase is shown also for the case N F ϭ18. The meson mass, the nucleon mass, and the ⌬ mass also agree with corresponding strong coupling mass formulas.
FIG. 1. Pion screening mass squared m
2 a 2 and twice the quark mass 2m q a for N F ϭ2 at ␤ϭ0 on an 8 2 ϫ10ϫ4 lattice. Errors are smaller than the size of symbols. Solid curves are the results of a strong coupling calculation, Eq. ͑6͒. 
͑8͒
that when m q ϭ0, either m ϭ0 or f ϭ0 is satisfied. Note that f ϭ0 is the relation which should be satisfied when chiral symmetry is restored, and that m ϭ0 is the relation when chiral symmetry is spontaneously broken, both in the chiral limit. It might be emphasized that although the action does not possess chiral symmetry, either relation m ϭ0 or f ϭ0 holds in the massless quark limit when the quark mass is defined by Eq. ͑4͒. In particular, in the confining phase, m ϭ0 when m q ϭ0 and vice versa.
B. Definition of the chiral limit and phase structure at zero temperature
We identify the chiral limit as the limit where the quark mass vanishes at zero temperature. This defines a chiral limit line K c in the (␤,K) plane, which is a curve from KӍ1/4 at ␤ϭ0 to Kϭ1/8 at ␤ϭϱ. See Fig. 2 . In the following we also discuss alternative identifications of the chiral limit. When clear specification is required, we denote this K c as K c (m q ).
Let us denote a line where the pion mass vanishes at zero temperature by K c (m 2 ). This line is the critical line of the theory because the partition function has singularities there. As discussed in the previous subsection, we expect that K c (m q ) and K c (m 2 ) are identical for small N F . It should be, however, noted that the K c (m q ) line is conceptually different from the K c (m 2 ) line: If quarks are not confined and chiral symmetry is not spontaneously broken, there is no K c (m 2 ) line. In fact, for the case of N F у7, the K c (m q ) line belongs to the deconfining phase and m remains nonzero therei.e., there is no K c (m 2 ) line around the K c (m q ) line, at least for small ␤ ͓12͔.
As a statistical system on the lattice, QCD with Wilson quarks is well defined also in the region above the K c line. Some time ago, Aoki ͓17͔ proposed and numerically verified that the critical line K c (m 2 ) ͑for small N F ) can be interpreted as a second order phase transition line between the parity-conserving phase and a parity-violating phase. This interpretation is useful in understanding the existence of singularities of the partition function. Once its existence is established, various properties of hadrons can be investigated in the parity-conserving phase. In particular, even with the Wilson term, various amplitudes near the chiral limit do satisfy Ward-Takahashi identities derived from chiral symmetry to the corrections of O(a). Therefore, although the action does not have chiral symmetry, the concept of the spontaneous breakdown of chiral symmetry is phenomenologically very useful. Because our main interest is to study the physical properties of hadrons in the continuum limit, it is important to study these axial Ward-Takahashi identities and estimate the magnitude of the O(a) corrections from the Wilson term in the physical quantities.
We have defined the K c line by the vanishing point of m q at zero temperature, because this line corresponds to massless QCD. ͑Numerical results for K c are given in Sec. V.͒ In this connection, however, it should be noted that there necessarily are ambiguities of O(a) off the continuum limit for lines in the (␤,K) plane which give the same theory in the continuum limit. This is true also for massless QCD: Instead of the condition m ϭ0, we may fix other quantities such as m /m N , which will lead to a line different from the K c line. Of course, the continuum limit is not affected by these O(a) ambiguities. We, however, would like to stress that the definition we have taken for the K c is conceptually natural and useful for the reasons given in Sec. III A.
C. Phase structure at finite temperatures
The temperature on a lattice with the linear extension in the temporal direction N t is given by Tϭ1/N t a. On a lattice with a fixed N t , a finite temperature transition or crossover from the low temperature regime to the high temperature regime occurs at some hopping parameter when ␤ is fixed. This defines a curve K t in the (␤,K) plane. In this paper, for simplicity, we use the term ''transition'' for both genuine phase transitions and sharp crossovers, unless explicitly specified. At finite temperatures we denote the screening pion mass by m and sometimes we call it simply the pion mass, and similarly for other hadron screening masses. The quark mass at finite temperatures is defined through Eq. ͑4͒ with m the screening pion mass, and similarly for f through Eq. ͑8͒. Note that, with these definitions of m and f , the discussions given in Sec. III A hold also at finite temperatures.
One of the fundamental problems is whether the finite temperature transition line K t does cross the chiral limit line K c , where we define the K c line by the vanishing point of m q at zero temperature ͑cf. Sec. III B͒. If the K t line does not cross the K c line, it means that there is no chiral limit in the low temperature confining phase. Therefore it is natural to expect that it does cross. However, as first noted by Fukugita et al. ͓18͔ , it is not easy to confirm this: The K t line creeps deep into the strong coupling region. In this paper we show that the K t line indeed crosses the chiral line K c at ␤ϳ3.9-4.0 at N t ϭ4 and ␤ϳ4.0-4.2 at N t ϭ6 for the case of N F ϭ2. ͑For previous reports see Refs. ͓3,4͔.͒ Because the K c line describes the massless QCD, we identify the crossing point of the K c and K t lines as the point of the finite temperature transition of the massless QCD, i.e., the chiral transition point. ͓We will discuss later O(a) ambiguities in the definition of the chiral limit at finite temperatures which come from the lack of chiral symmetry.͔ Numerical studies show that, in the confining phase, the pion screening mass vanishes, for a fixed ␤, at the hopping parameter which approximately equals the chiral limit K c . On the other hand, in the deconfining phase, the pion screening mass is of order of twice the lowest Matsubara frequency 2/N t in the chiral limit. Therefore, in the deconfining phase, the system is not singular even on the K c line.
Recently, Aoki et al. ͓19͔ investigated a critical line where the screening pion mass vanishes at finite temperatures, which we denote by K c (m 2 ;T 0). Based on analytic studies of the two-dimensional ͑2D͒ Gross-Neveu model and numerical results in lattice QCD with N F ϭ2, they showed that the K c (m 2 ;T 0) line starting from KӍ1/4 at ␤ϭ0
sharply turns back upwards ͑to larger K region͒ at finite ␤. 
D. Characteristics for Wilson quarks
Let us summarize several characteristic properties of the phase diagram of QCD which originate from the explicit ͑i͒ In the coupling parameter space, the location of the point where m ϭ0 in the confining phase is not protected by chiral symmetry off the continuum limit. Therefore, the chiral limit K c , defined by m q ϭ0 or m ϭ0 at zero temperature, is different from the bare massless limit Kϭ1/8 except at ␤ϭϱ.
͑ii͒ As a statistical system on the lattice, QCD with Wilson quarks is well defined also in the region above the K c line. At zero temperature, the K c line is a second order transition line between the conventional parity-conserving phase at KϽK c and a parity-violating phase at KϾK c ͓17͔.
͑iii͒ At finite temperatures, the critical line K c (m 2 ;T 0) where the screening pion mass vanishes is not a line from KӍ1/4 at ␤ϭ0 to an end at some finite ␤, but it sharply turns back toward larger K region at the finite ␤ ͓19͔.
͑iv͒ Although the major part of the effects from the Wilson term can be absorbed by the shift of K c from Kϭ1/8, there still exist additional small O(a) effects which are related to the chiral symmetry violation. In particular, the location of the point where m ϭ0 in the confining phase slightly depends on N t ͓19͔. The continuum limit is not affected by these O(a) effects.
IV. SIMULATION PARAMETERS
In this article we mainly perform simulations on lattices with the temporal direction extension N t ϭ4. The spatial To study the N t dependence for the N F ϭ2 case, we also make simulations on N t ϭ6 and 8 lattices. Simulations on an N t ϭ8 lattice are performed also for the case of N F ϭ2ϩ1. When the hadron spectrum is calculated, the lattice is duplicated in a direction of lattice size 10 or 12. We use an antiperiodic boundary condition for quarks in the t direction and periodic boundary conditions otherwise.
We generate gauge configurations for N F ϭ2 by the hybrid Monte Carlo ͑HMC͒ algorithm ͓20͔ with a molecular dynamics time step ⌬ chosen in such a way that the acceptance rate is about ͑80 -90͒%. For N F у3 and N F ϭ2ϩ1 we use the hybrid R algorithm ͓21͔ with ⌬ϭ0.01, unless otherwise stated. We fix the time length of each molecular dynamics evolution to ϭ1. The R algorithm introduces errors of O(⌬ 2 ), while the HMC algorithm is exact. As reported recently also for staggered quarks ͓22͔, we note that step size errors with the R algorithm are large in the confining phase near the chiral limit. In the immediate vicinity of the chiral transition, we observe step size errors also in the deconfining phase where a large ⌬ can even push the phase into the confining phase, as reported previously with staggered quarks ͓23͔. In these cases, we apply a sufficiently small ⌬ so that the results for physical quantities become stable for a change of ⌬.
The inversion of the quark matrix is done by the minimal conjugate residual ͑CR͒ method with the incomplete LU ͑lower triangle matrix-upper triangle matrix͒ preconditioning ͓24͔ or the conjugate gradient ͑CG͒ method without preconditioning. We find that the CR method is efficient in the confining phase when it is not very close to the chiral limit and also in the deconfining phase at large ␤ and small K. In other cases we use the CG method. The convergence condition for the norm of the residual r is ͱʈrʈ 2 /(12V)р4.5ϫ10
Ϫ7 (1.0ϫ10 Ϫ8 ) for configuration generations ͑hadron measurements͒, where V is the lattice volume. We also check that the relative changes of the quark propagator at several test points on the x and t axes are smaller than 10 Ϫ3 for the last iteration of the matrix inversion steps:
Ϫ3 where n denotes the last iteration. In the HMC calculations, we check that the difference of the action after molecular dynamic evolutions is sufficiently small with this convergence condition.
The statistics is in general totally ϭ several hundreds. The initial configuration is taken from a thermalized one at similar simulation parameters when such a configuration is available. In most cases, the plaquette and the Polyakov loop are measured every simulation time unit and the hadron spectrum is calculated every ␦ϭ10 ͑or less depending on the total statistics͒. When the value of ␤ is small the fluctuations of the physical quantities are small ͓12͔, and therefore we think the lattice sizes and the statistics are sufficient for our purpose to determine the global phase structure of QCD at finite temperature. Errors are estimated by the singleelimination jackknife method.
Simulation parameters are summarized in Tables I-IX .
V. NUMERICAL RESULTS FOR K c
As discussed in Sec. III B, the chiral limit K c is defined by the vanishing point of m q at zero temperature. One straightforward way to determine numerically the chiral limit at a fixed value of ␤ is to calculate the quark mass through Eq. ͑4͒ at several hopping parameters and extrapolate them to its vanishing point in terms of a linear function of 1/K. We denote the K c thus determined by K c (m q ). Because we expect the PCAC relation ͑5͒ to hold also at finite ␤, we may alternatively calculate K c by the vanishing point of m using a linear extrapolation of m 2 in 1/K. We denote this K c by K c (m 2 ). On finite temperature lattices, it was previously shown that the value of the quark mass at a given (␤,K) does not depend on whether the system is in the deconfining or confining phase at ␤ϭ5.85 in the quenched QCD ͓14͔ and at ␤ϭ5.5 for the N F ϭ2 case ͓13͔. This enables us to determine the chiral limit, for these values of ␤, alternatively by the vanishing point of m q at finite temperatures. Strictly speaking there are systematic errors which come from finite N t , as mentioned earlier. On the other hand, in the deconfining phase, one is able to perform simulations around the K c line as discussed later; i.e., we can determine K c without an extrapolation which usually leads to a considerable amount of systematic errors. Therefore, the determination of K c from m q in the deconfining phase is useful in particular at large ␤. Collaboration ͓16͔ give a more precise value of 0.177-0.178 for K t ͑cf. Fig. 3͒ . At small ␤ region (␤Շ5.3) where we mainly perform simulations in this work, m q in the deconfining phase does not agree with that in the confining phase. Therefore, the proportionality between m q in the deconfining phase and m 2 in the confining phase is lost, contrary to the case ␤տ 5.5 discussed above. This behavior is seen in Figs. 3 and 4 , where physical quantities for N F ϭ2 at ␤ϭ5.0 and 4.5, respectively, are shown. As we discuss in Sec. VI, we interpret this unexpected phenomenon at ␤Շ5.3 in the deconfining phase as a lattice artifact.
In the confining phase, on the other hand, the proportionality between m q and m 2 is well satisfied for all values of ␤ ͓3,12-16͔. We also find that m q and m are almost independent of N t in the confining phase. See Fig. 4 for N F ϭ2 at ␤ϭ4.5. Table X . We estimate the systematic errors due to the extrapolation are of the same order as the differences between K c (m q ) and K c (m 2 ). The N t dependence of K c at ␤ϭ4.5 are listed in Table XI. The N F dependence is also given. We find that the differences due to N F and N t are of the same order of magnitude as the difference between K c (m q ) and K c (m 2 ). To summarize this section, we note that although the chiral limit is defined by the vanishing point of m q at zero temperature, there are several practically useful ways to determine K c : K c (m q ) and K c (m 2 ) at Tϭ0 and in the confining phase, and K c (m q ) in the deconfining phase. They all give the same results within present numerical errors.
VI. FINITE TEMPERATURE TRANSITION AND PROBLEMS WITH WILSON QUARKS
The location of the finite temperature phase transition K t is identified by a sudden change of physical observables such as the plaquette, the Polyakov line, and screening hadron masses. ͑A more precise determination of the location will be given by the maximum point of the susceptibility of a physical quantity such as the Polyakov loop. However, our statistics is not high enough for it.͒ See Figs. 3 and 4 for the case of N F ϭ2 at ␤ϭ5.0 and 4.5. Our numerical results of K t are summarized in Table XII . Results of K t for N F ϭ2 at N t ϭ4 and 6 obtained by us and other groups ͓16,26,29-31͔ are compiled in Fig. 5 . ͑Results for N F ϭ3 will be discussed in Sec. VIII.͒
We expect, at least near the continuum limit, that as the quark mass increases from the chiral limit, the transition becomes weaker with the quark mass and it becomes strong 2 The range of the quark mass value we use in this article for the extrapolation to determine the K c is mainly about 0.2-0.5 in lattice units in the confining phase. As seen from again when the quark mass is heavy enough to recover the first order transition of the SU͑3͒ gauge theory. The MILC Collaboration performed a systematic study of the transition at various K and ␤ and found that, contrary to expectations, when we decrease K from the chiral limit K c on an N t ϭ4 lattice, the K t transition becomes once very strong at KӍ0.18 and becomes weaker again at smaller K ͓16͔. On a lattice with N t ϭ6 they even found a first order transition at Kϭ0.17-0.19 ͓29͔. Looking at the phase diagram shown in Fig. 5 closely, we note that the K t lines initially deviate from the K c line and then approach the K c line at ␤ϳ4.8 and Kϳ0.18 for N t ϭ4 and at ␤ϳ4.8-5.2 and Kϳ0.17 -0.19 for N t ϭ6, contrary to the naive expectation that they monotonously deviate from the K c line. The points where strong transitions occur are just in the region where the K t lines approach the K c line. Therefore, it is plausible that the strong transition at intermediate values of K is a result of lattice artifacts caused by this unusual relation of the K t and K c lines ͓7͔. This unusual relation is probably due to the sharp bend of the K c line at ␤Ӎ5.0 which is caused by the crossover phenomenon between weak and strong coupling regions of QCD. Our recent study indeed shows that, with an improved lattice action, the distance between the the K c and K t lines becomes monotonically large when we decrease K and, correspondingly, the K t transition becomes rapidly weak as we decrease K from the chiral limit ͓32͔. Also the unexpected N t dependence of m q in the deconfining phase at small ␤, discussed in the previous section, is removed with the same improved lattice action.
The appearance of the lattice artifacts implies that we have to be cautious when we try to derive the conclusions in the continuum limit from the numerical results at finite ␤. We also note that N t ϭ4 is far from the continuum limit and therefore we should take with reservation, in particular, quantitative values in physical units which are quoted in the following. We, however, note that the PCAC relation m 2 ϰm q expected from chiral symmetry in the confining phase is well satisfied even in the strong coupling region and therefore we expect that qualitative features of the chiral transition such as the order of the transition are not affected by lattice artifacts. We certainly have to check in the future that the conclusions in this article are also satisfied when an improved action is adopted.
VII. NUMERICAL RESULTS FOR CHIRAL TRANSITIONS
As discussed in Sec. III C, the chiral transition can be studied along the K c line at the crossing point of the K t and K c lines, which we denote as the chiral transition point ␤ ct . We first address ourselves to the problem of whether the chiral limit of the finite temperature transition exists at all. We then study the order of the chiral transition.
In a previous paper ͓12͔ we showed that, when N F у7, there is a bulk first order phase transition at ␤ϭ0 which separates the confining phase at small K from a deconfining phase near the chiral limit at Kϭ1/4. This implies that the K t line does not cross the K c line at finite ␤ for any N t . On the other hand, when N F р6, the chiral limit belongs to the confining phase at ␤ϭ0, which implies that there is a crossing point somewhere at finite ␤ for the case N F р6.
A. On-K c method
In order to identify the crossing point ␤ ct and study the order of the chiral transition there, we take the strategy of performing simulations on the K c line starting from a value of ␤ in the deconfining phase and reducing ␤. We call this method the ''on-K c '' simulation method. The number of iterations, N inv , needed for the quark matrix inversion, in gen- eral, provides a good indicator for discriminating the deconfining phase from the confining phase ͓14,33͔. The use of N inv as an indicator is extremely useful on the K c line, because N inv is enormously large on the K c line in the confining phase, while it is of order several hundreds in the deconfining phase. Therefore there is a sudden drastic change of N inv across the boundary of the two phases. This difference is due to the fact that there are zero modes around K c in the confining phase, while none exists in the deconfining phase ͓12,33,34͔: We have checked this difference for the existence of zero modes in various cases discussed below and conclude that the difference of N inv is not a numerical artifact. In the deconfining phase on the K c line, we measure physical observables such as the Polyakov loop, the plaquette, and hadron screening masses, as usual, after thermalization. From the behavior of physical quantities toward ␤ ct , we are able to study the nature of the chiral transition. In the confining phase, on the other hand, it is hard to make the system on the K c line thermalized due to the enormously large N inv we encounter in the configuration generation. In this case, we only obtain at most bounds for several physical quantities by measuring the molecular dynamic time evolution of them starting a hot state or a mix state. Although it is unsatisfactory that we cannot obtain expectation values for physical quantities in the confining phase, the on-K c method is very powerful in identifying the critical point because the difference between the two phases is clear already with short time histories. We also check that the crossing point thus determined is consistent with a linear extrapolation of the line K t toward the chiral limit.
B. Chiral transition for N F ‫2؍‬
For the case of QCD with two flavors, studies of an effective model ͓1,2͔ imply that the order of the chiral tran- sition depends on the the strength of the U A ͑1͒ anomaly term at the transition temperature. When the strength is zero, it is of first order. However, if the strength of the anomaly term in the effective model is nonzero at the starting point of a renormalization transformation, it is likely that the effective action is attracted to a O(4) symmetric fixed point under a renormalization group transformation ͓35͔. Therefore, it is plausible that the chiral transition is of second order.
Our main results of the measurements for N F ϭ2 are summarized in Tables XIII-XV. Let us first discuss the results at N t ϭ4. In order to confirm the existence of the crossing point, we take the largest ͑farthest͒ values of K c for on-K c simulations, that is, Table X and interpolated ones. As discussed previously, K c (m 2 ) in general depend on the value of N t . However, the differences between those on the N t ϭ4 and 8 lattices are within numerical uncertainties as shown Table XI . Therefore, we take the stringent condition to verify the existence of the crossing point, taking the farthest values of K c .
When we take into account the structure of K c (m 2 ;T 0) that it sharply turns back at finite ␤, we may hit the upper part of it by taking the largest values of K c for the on-K c method. This, however, does not affect the conclusion that the K t line crosses the K c line. Our estimates for the value of ␤ ct in this case will be slightly underestimated ͑cf. Fig. 2͒ . This comment applies also for N F ϭ3 and 6. We first perform on-K c simulations by the R algorithm to identify the crossing point, because it is very time consuming to perform simulations with the HMC algorithm due to a low acceptance rate on the K c line in the confining phase. We find that when ␤у4.0, N inv stays around several hundreds, while for ␤р3.9 it increases with and exceeds several thousands ͑see Fig. 6͒ , and in accordance with this behavior the plaquette, the Polyakov loop, and the pion screening mass m decrease rapidly toward those in the confining phase. Therefore we identify the crossing point at ␤ ct ϳ3.9 -4.0. This ␤ ct is consistent with a linear extrapolation of the K t line as is shown in Fig. 5 .
Then we repeat on-K c simulations by the HMC algorithm for ␤у4.0 in order to measure physical observables. The time histories for N inv at ␤у4.0 plotted in Fig. 6 are obtained with the HMC algorithm, which are similar to those with the R algorithm. The ⌬ should be taken small near ␤ ct in order to keep the acceptance rate reasonably high ͑for ␤ϭ4.0, 4.1, and 4.2 we use ⌬ϭ0.002, 0.005, and 0.005 to get accep- Fig. 13 at ␤ϭ4.7 obtained on a 12 3 ϫ4 lattice. The finite temperature transition K t locates at KӍ0.1795 (1/KӍ5.57). tance rates 0.91, 0.79, and 0.93, respectively͒.The value of m 2 thus obtained decreases smoothly toward zero as the chiral transition is approached and is consistent with zero at the estimated ␤ ct ͑see Fig. 7͒ .
We find no two-state signals around ␤ ct . This is in sharp contrast with the N F ϭ3 and 6 cases where we find clear two-state signals at ␤ ct , as discussed below. This, together with the vanishing m 2 toward ␤ ct , suggests that the chiral transition for N F ϭ2 is continuous ͑second order or crossover͒, although the possibility of a very weakly first order transition is not excluded. A finite size scaling study would be needed to determine the order of the transition reliably.
The results from on-K c simulations on the N t ϭ6 lattice are similar to those on the N t ϭ4 lattice. The estimated transition point is ␤ ct ϳ 4.0-4.2. The value of m 2 listed in Table   FIG . 16. The same as Fig. 13 XIV and plotted in Fig. 7 , again decreases toward zero as ␤ approaches ␤ ct . For N t ϭ18 with the spatial size 18 2 ϫ24, we previously found that the transition is at ␤ ct ϳ4.5-5.0 ͓3͔. Although the spatial size is not large enough, this result suggests that the shift of ␤ ct with N t is very slow.
C. Chiral transition for N F ‫3؍‬
The main results of measurements for N F ϭ3 are summarized in Tables XVI and XVII. The phase diagram for N F ϭ3 obtained from our simulations at ␤ϭ4.0, 4.5, 4.7, 5.0, and 5.5 is shown in Fig. 8 . We find that the K t line linearly approaches the K c line. In order to confirm the existence of the crossing point by on-K c simulations, we take the largest ͑farthest͒ K c , that is, K c (m 2 ), for N F ϭ2 at ␤'s we have studied, since this is the most stringent condition for the existence of ␤ ct . We use them and interpolated values for on-K c simulations here. For N F ϭ6 discussed in the next subsection, we interpolate these values of K c with K c ϭ0.25 at ␤ϭ0. Note that the differences of K c 's for N F ϭ2, 3, and 6 are of the same magnitude of numerical uncertainties of K c . Figure 9 shows N inv as a function of the moleculardynamics time for several values of ␤'s. When ␤у3.1, N inv is of order of several hundreds, while when ␤р2.9, N inv shows a rapid increase with . At ␤ϭ3.0 we see a clear two-state signal depending on the initial condition: For a hot start, N inv is quite stable around ϳ800 and the pion screening mass squared m 2 is large (ϳ1.0). On the other hand, for a mix start, N inv shows a rapid increase with and exceeds 2000 in ϳ20, and in accordance with this, m 2 decreases with .
The value of m 2 is plotted in Fig. 10 . At ␤ϭ3.0 we have two values for m 2 depending on the initial configuration. The larger one obtained for the hot start is of order 1.0, which is a smooth extrapolation of the values at ␤ϳ3.1-3.2. The smaller one is an upper bound for m 2 for the mix start. We note that the result of ␤ ct ϳ3.0 is consistent with an extrapolation of K t points listed in Table XII as is shown in Fig. 8 . ͑The nature of the transition K t off the chiral limit is discussed in Sec. VIII.͒ Thus we identify the crossing point at ␤ ct ϳ3.0(1). With the clear two-state signal we conclude that the chiral transition is of first order for N F ϭ3.
D. Chiral transition for N F ‫؍‬ 6
Our previous study at ␤ϭ0 ͓12͔ shows that for N F ϭ7 there is no crossing point of the K c and K t lines and that N F ϭ6 is the largest number of flavors for which a crossing point exists. The main results of measurements for N F ϭ6 are summarized in Table XVIII . The overall features of the transition obtained from numerical simulations for N F ϭ6 are very similar to those for N F ϭ3 except for the location of ␤ ct , which moves to a smaller ␤ as expected. Figure 11 shows that N inv on the K c line stays at several hundreds for ␤у0.4 and for a hot start at ␤ϭ0.3. On the other hand, N inv grows rapidly with and exceeds 5000 for ␤р0.2 and for a mix start at ␤ϭ0.3. In accordance with this, we have two values of m 2 at ␤ϭ0.3 ͑cf. Fig. 12͒ . Therefore we identify the crossing point at ␤ ct ϳ0.3(1) and conclude that the chiral transition is of first order for N F ϭ6. This ␤ ct is consistent with a linear extrapolation of the K t line ͑cf. Table  XII͒. For QCD with N F у3, Pisarski and Wilczek predicted a first order chiral transition from a renormalization group study of an effective model ͓1͔. Our results for N F ϭ3 and 6 are consistent with their prediction.
VIII. INFLUENCE OF THE STRANGE QUARK
In the previous section, we have seen that the chiral transition is consistent with a second order transition for N F ϭ2, while it is of first order for N F у3, both in accordance with theoretical expectations. Off the chiral limit, we expect that the first order transition for N F у3 smoothens into a crossover at sufficiently large m q . In this way the nature of the transition sensitively depends on N F and m q . Therefore, in order to study the nature of the transition in the real world, we should include the strange quark properly In a numerical study we are able to vary the mass of the strange quark. Assuming that the chiral transition is of second order for N F ϭ2 ͑i.e., m s ϭϱ), when the mass of the strange quark is reduced from infinity to zero with up and down quarks fixed to the chiral limit, the nature of the transition must change from second order to first order at some quark mass m s * . This point at m s * is a tricritical point ͓2͔.
The crucial question is whether the physical strange quark mass is larger or smaller than m s * . Studies with an effective linear model suggest a crossover for the case of realistic quark masses in a mean field approximation and in a large 1/N F approximation ͓36,37͔, while the possibility of a weakly first order transition is not excluded when numerical errors in the calculation of basic parameters are taken into account ͓37͔.
A. N F ‫3؍‬
Let us first discuss the case of the degenerate N F ϭ3: K u ϭK d ϭK s ϵK. As we have already discussed the chiral transition previously, we are mainly interested in the transition for the massive quarks. In order to find the transition points we perform simulations at ␤ϭ4.0, 4.5, 4.7, 5.0, and 5.5. The results for physical quantities are plotted in Figs. 13-17. The transition points identified by a sudden change of physical observables are given in Table XII and plotted in Fig. 8 . We note that the K t line for N F ϭ3 at N t ϭ4 locates sufficiently far from the points where the K c line bends rapidly. This situation is quite different from the N F ϭ2 case where the unusual relation between the K t line and K c line causes the lattice artifacts. Therefore, we expect that these lattice artifacts are small in the N F ϭ3 case.
In the previous section we have seen that the transition is of first order in the chiral limit K c ϭ0.235 at ␤ϭ3.0 for N F ϭ3. For phenomenological applications, it is important to estimate the critical value of the quark mass m q crit up to which the first order phase transition persists. We observe clear two state signals at ␤ ϭ 4.0, 4.5, and 4.7, while for ␤ϭ5.0 and 5.5 no such signals have been seen: The simulation time history of the plaquette at ␤ϭ4.7 on a 12 3 ϫ4 lattice is plotted in Fig. 18͑a͒ . The confining and deconfining phases coexist over 1000 trajectories at Kϭ0.1795 and, in accordance with this, we find two-state signals also in other observables such as the plaquette and the pion screening mass m ͑cf. Fig. 15͒ . From them we conclude that the transition at Kϭ0.1795(5) and ␤ϭ4.7 is first order. On the other hand, the time history of the plaquette at ␤ϭ5.0 shown in Fig. 18͑b͒ suggests that the transition is a crossover there.
At the transition point ͑in the confining phase͒ of ␤ϭ4.7 the value of m q a is 0.175͑2͒ and m /m ϭ0.873(6). The results of the hadron spectrum in the range of ␤ϭ3.0-4.7 for N F ϭ2 and 3 ͑cf. Fig. 19͒ indicate that the inverse lattice spacing a Ϫ1 estimated from the meson mass is almost independent of ␤ in this range and a Ϫ1 ϳ0.8 GeV. ͑Hereafter we use a Ϫ1 determined from m in the chiral limit.͒ Therefore we obtain a bound on the critical quark mass m q crit տ140 MeV or, equivalently, (m /m ) crit у0.873(6). It should be noted that the physical strange quark mass determined from m ϭ1020 MeV, using the data shown in Fig. 19 
B. N F ‫1؉2؍‬
Now let us discuss a more realistic case of massless up and down quarks and a light strange quark (N F ϭ2ϩ1) . The 5/2 below m s * . The values of quark mass in physical units are computed using a Ϫ1 determined from m : a Ϫ1 ϳ0.8 GeV for ␤р4.7 and ϳ1.0(1.8) GeV for ␤ϭ5.0(5.5). The real world determined by the value of m /m and m /m corresponds to the point marked with a star. It should be noted that the continuum limit is still far on N t ϭ4 lattices. See Sec. VIII for more detailed discussions and caveats on the values of the quark mass in physical units and the identification of the physical point. the meson at the simulation point turns out to be 1.03͑5͒ GeV which should be compared with the physical value 1.02 GeV. Thus the hopping parameter chosen for m s ϳ150 MeV corresponds to the physical strange quark mass, in this sense. As far as we consider the meson sector the numerical results for the mass ratio do not differ so much from the physical values. However, we emphasize one caveat here. The nucleon mass ratio m N /m turns out to be 2.0͑1͒ which is the same as the result 2.0 in the strong coupling limit and is much larger than the physical value 1.22. This implies that ␤ϭ3.5 is far from the continuum limit.
The simulation time history of N inv on the 8 2 ϫ10 spatial lattice is plotted in Fig. 20͑a͒ for the case of 150 MeV. When ␤у3.6, N inv is of order of several hundreds, while when ␤р3.4, N inv shows a rapid increase with . At ␤ϭ3.5 we see a clear two-state signal depending on the initial condition: For a hot start, N inv is quite stable around 900 and m 2 is large (ϳ1.0 in lattice units͒. On the other hand, for a mix start, N inv shows a rapid increase with and exceeds 2500 in ϳ10, and in accordance with this, the plaquette and m 2 decreases with as shown in Fig. 20͑b͒ for the plaquette. For the case of 400 MeV a similar clear two-state signal is observed at ␤ϭ3.9 both on the 8 2 ϫ10 and 12 3 spatial lattices ͑cf. Fig. 21͒ . The values of m 2 versus ␤ are plotted in Fig.  22 together with those in the case of degenerate N F ϭ3 on the K c line. At ␤ϭ3.5 for the case of 150 MeV and at ␤ϭ3.9 for the case of 400 MeV, we have two values for m 2 depending on the initial configuration. The larger ones of order 1.0 are for hot starts, while the smaller ones are upper bounds for mix starts. These results imply that m s *տ400 MeV in our normalization for quark masses.
Following the Columbia group ͓39͔, we summarize our results about the nature of the QCD transition at N t ϭ4 as a function of m ud and m s in Fig. 23 , together with theoretical expectations ͓1,2,42͔ assuming that the chiral transition is of second order for N F ϭ2. Clearly the point which corresponds to the physical values of the up, down, and strange quark masses measured by m /m and m /m exists in the range of the first order transition. If this situation persists in the continuum limit, the transition for the physical quark masses is of first order.
The Columbia group studied the influence of the strange quark for the case of staggered quarks ͓39͔. Their result shows that no transition occurs at m u aϭm d aϭ0.025, m s aϭ0.1 (m u ϭm d ϳ12 MeV, m s ϳ50 MeV using a Ϫ1 ϳ0.5 GeV͒. Their zero temperature values for m K /m and m /m obtained at this simulation point suggest that this value for m s is smaller than its physical value and those for m u and m d are larger than their physical values. This implies that the transition in the real world is also a crossover, unless the second order transition line, which has a sharp m ud dependence near m s * as shown in Fig. 23 ͓42͔ , crosses between the physical point and the simulation point.
Although both staggered and Wilson simulations give phase structures qualitatively consistent with theoretical expectations ͓1,2,42͔, we note that Wilson quarks tend to give larger values for critical quark masses ͑measured by m /m etc.͒ than those with staggered quarks. This leads to the difference in the conclusions about the nature of the physical transition. However, since the deviation from the continuum limit is large in both the studies at N t ϭ4, we certainly should make a calculation with larger N t ͓43͔ or using an improved action ͓32͔ to get closer to the continuum limit and to obtain a definite conclusion about the nature of the QCD transition. With Wilson quarks using the standard gauge action, however, N t should be enormously large (у18) ͓3͔ in order to avoid the lattice artifacts discussed in Sec. VI. Improvement of the lattice action will be essential especially for Wilson quarks.
IX. CONCLUSIONS
We have studied the nature of finite temperature transitions near the chiral limit for various numbers of flavors (N F ϭ2, 3, and 6͒ and also for the case of massless up and down quarks and a light strange quark (N F ϭ2ϩ1), mainly on lattices with N t ϭ4, using the Wilson formalism of quarks on the lattice.
We have found evidence suggesting that the chiral transition is continuous ͑at most very weakly first order͒ for N F ϭ2, while it is of first order for N F ϭ3 and 6. These results are in accordance with theoretical predictions based on universality ͓1,2͔. Our results with Wilson quarks are also consistent with those with staggered quarks ͓44͔.
Our results for QCD with a strange quark as well as up and down quarks obtained on N t ϭ4 lattices are summarized in Fig. 23 . Clearly, the point which corresponds to the physical values of the up, down, and strange quark masses measured by m /m and m /m , marked with star in Fig. 23 , exists in the range of first order transition. If this situation persists in the continuum limit, the transition for the physical quark masses is of first order.
On the other hand, the previous result by the Columbia group ͓39͔ at N t ϭ4 with staggered quarks suggests that the transition in the real world is a crossover. We have found that Wilson quarks tend to give larger values for critical quark masses ͑measured, for example, by m /m and m /m ) than those with staggered quarks. This leads to the difference in the conclusions about the nature of the physical transition. Because the deviation from the continuum limit is large on the N t ϭ4 lattices in both studies, we certainly should make a calculation with larger N t or with an improved action ͓32͔ in order to get closer to the continuum limit and to obtain a definite conclusion about the nature of the physical QCD transition, by resolving the discrepancy between Wilson and staggered quarks for the conclusions. Studies with an improved gauge action and the Wilson quark action are in progress.
